We study the duality between the two dimensional black hole and the sine-Liouville conformal field theories via exact operator quantization of a classical scattering problem. The ideas are first illustrated in Liouville theory, which is dual to itself under the interchange of the Liouville parameter b by 1/b. In both cases, a classical scattering problem does not determine uniquely the quantum reflection coefficient. The latter is only fixed by assuming that the dual scattering problem has the same reflection coefficient.
Introduction
In an unpublished work [1] , Fateev, Zamolodchikov and Zamolodchikov discovered that the SL(2, R)/U (1) WZW model describing the two-dimensional conformal field theory whose target space is the cigar, or Euclidean 2D black hole [2, 3, 4] ds 2 k = dr 2 + tanh 2 rdθ 2 , r > 0, θ ∼ θ + 2π (1.1) where k is the level of SL(2, R), has a dual description in terms of a sine-Liouville theory. This is a free theory with linear dilaton perturbed by a sine-Liouville potential which carries a unit of winding,
where k ′ = k − 2 andX = X L − X R . This so-called FZZ duality, has been investigated and exploited in several works [5, 6, 7, 8, 9, 10, 11, 12] . It has been generalized to the N = 2 supersymmetric case [13] , where it follows from mirror symmetry [14] (see also [15] ). For worldsheets with boundary there exists a boundary version of the FZZ duality, both when the bulk theory has the cigar/sine-Liouville perturbations (or their N = 2 counterparts) turned on [16] or when the bulk theory is flat. In the latter case, the D1 brane of the cigar [17] becomes the hairpin brane [18] , which has a sine-Liouville dual description studied in [19, 20] .
In this paper we explore the FZZ duality by studying the exact operator quantization of a classical scattering problem. The same ideas and techniques are relevant for the simpler case of Liouville theory, which we discuss first as a warm up. In both cases we show that the scattering coefficient of a free field bouncing off the Liouville wall or the tip of the cigar cannot be determined without further input, which comes from assuming that there is a second scattering process with the same scattering coefficient. In the case of Liouville, discussed in Section 2, the second theory is Liouville itself with the Liouville coefficient b replaced by b −1 . In the case of the cigar, discussed in Section 3, we find a scattering process of sine-Liouville type that yields the correct reflection coefficient, which was previously computed using other techniques.
Duality in Liouville scattering
It is well known that the Liouville classical equation can be solved in terms of a free field. Therefore it is natural to try to quantize Liouville theory by quantizing the mapping to this free field via operator quantization. This program has been carried out successfully in [21] were the DOZZ formula [22, 23] for the Liouville three point function was reobtained.
In this section we will use similar techniques to compute the reflection coefficient of an asymptotically free field bouncing off the Liouville wall. The relevant ideas were succinctly exposed in [24] (see Section 14 there), and we will flesh them out here, stressing the role of the b ↔ 1/b duality.
Classical scattering
We work first in the cylinder (σ, t) ∼ (σ + 2π, t). The Liouville equation of motion
where x ± = t ± σ, can be solved in terms of two arbitrary functions B = B(x + ),B =B(x − ),
It is convenient to express B,B through a free field φ(σ, t) = φ(x + ) +φ(x − ) as
3)
The fields φ,φ have an expansion,
Requiring B to have the same monodromy as ∂ + B(x + ), ∂ + B(x + + 2π) = e πpb ∂ + B(x + ), and similarly forB, fixes the solutions to (2.3)-(2.4) as
The solution (2.2) is invariant under B,B → 1/B, 1/B. This transformation corresponds to mapping the free field φ(σ, t) into another free field ξ(σ, t) = ξ(x + ) + ξ(x − ) with momentum −p, given by
This mapping encodes the physical meaning of the solution (2.2) as a scattering of the free field φ(σ, t) off the Liouville wall. To see this, note first that as a function of φ,φ, eq.(2.2) is
Suppose that p > 0. Then at the infinite past and future we have
Therefore at both ends t → ±∞ the Liouville field ϕ is a free field. The Liouville wall maps the incoming (p > 0) free field φ(σ, t) into the outgoing (p < 0) free field ξ(σ, t). The case p < 0 is obtained by time reversal.
The reflection coefficient and the Liouville duality
A remarkable fact is that the transformation from the field φ(σ, t) to the field ϕ(σ, t) is canonical [24] . This suggests to quantize Liouville theory by quantizing the free field φ(σ, t) and defining a quantum version of eq.(2.10). We will perform the quantization in the complex Euclidean plane. Let us Wick rotate the time variable into τ = it, and take z = e τ +iσ ,z = e τ −iσ as two independent variables. The fields φ,φ have a mode expansion 14) and the modes satisfy the commutation relations
Normal ordering :: is defined by putting the annihilation operators α n>0 and p to the right, and the creation operators α n<0 and x to the left. With this prescription the short distance singularity is 17) and similarly forφ(z). The stress tensor of the quantum theory is
with
and central charge 
has holomorphic conformal dimension 22) and carries p momentum
For normalizable states with α = Q 2 + iR, the last expression is consistent with the anomalous hermiticity of p, 24) which follows from the presence of the background charge. In order to define the quantum version of e − bϕ 2 , let us define the "screening charges"
Since the integrand has conformal dimension one, these are conformal primaries with dimension zero, as follows from
The quantum version of e − bϕ 2 in (2.10) can now be taken as
where we have defined α = i p 2 (see (2.23)). The factors e ±bx are inserted in order to eliminate the duplication of the zero modes coming from φ andφ. Their position is dictated by the preservation of the normal order in the exponentials. In the factor (e −4πib(α−b) − 1) −1 , the shift in α is because we have written it to the left of S(z)e −bφ(z) .
The product of screening charges and exponentials in V b is
In the interacting theory, the primary fields can still be labeled by α, with conformal dimension α(Q − α). This expression is symmetric under α → Q − α. For delta-normalizable states with α = Q/2 + iP , this corresponds to P → −P . Therefore an operator S which maps a state with α into one with Q − α can be considered as the quantum version of the mapping between asymptotic free fields provided by the classical solution. We do not need here the explicit form of the Liouville primaries for arbitarty α (see [24, 21] ). It is enough for us that their action on the vacuum creates a state |α , such that
The ambiguity of the parametrization of the classical solution using φ or ξ, should manifest itself in the invariance
The operator S should be a product S = PR, where the operator P acts on the zero modes to change the eigenvalue of α, and R acts as
where R(α) is the reflection coefficient that we want to compute. Note that from S 2 = 1 it follows that
An arbitrary matrix element of V b (z,z) at z =z = 1 is, taking proper care of the zero modes,
where
37)
and both integrals are taken counterclockwise in the unit circle. Since the integrand of I(α) is not analytic at w = 0, 1, the contour can be deformed keeping the point w = 1 fixed and without crossing the point w = 0. This leads to
where we used the integral representation (A.3) of the Euler beta function. The final expression for
where γ(x) = Γ(x)/Γ(1 − x). From the invariance (2.32), it follows that equation (2.35) should be equal to
Comparing the coefficients of the delta functions in (2.35) and (2.42) gives two equations for R(α), but they are seen to be equivalent using
This is a difference equation that constraints the form of R(α) but does not fix it uniquely, since any solution can be multiplied by an arbitrary periodic function of α with period b/2. So we find that the classical Liouville scattering problem has no unique quantum version. A similar ambiguity is encountered in the bootstrap approach to quantum Liouville theory [25, 26] . There, one imposes the symmetry b ↔ 1/b. In our case this leads to a second equation for R(α),
Eqs.(2.34), (2.43) and (2.44), yield, for irrational b 2 , a unique reflection coefficient,
. This is the same reflection coefficient that follows from the DOZZ formula [22, 23] , with the identification
The important lesson that we learn is that in order to fix uniquely the reflection coefficient of Liouville theory, we must assume that there are two classical scattering problems (related by b ↔ 1/b), with the same quantum reflection coefficient.
FZZ scattering
In this section we will address a similar scattering problem formulated in the cigar background (1.1).
The classical equations of the cigar non-linear sigma model were solved in terms of free fields in [27, 28, 29] . This solution was canonically quantized in the interesting work [30] . We start reviewing some results of these works. As we will see, the equations obtained from quantizing the cigar are not enough to fix the reflection coefficient. We will show that assuming that a dual scattering problem of sine-Liouville type has the same reflection coefficient, fixes it to its known value from other quantization schemes.
Classical scattering in the cigar
Let us consider the cigar metric (1.1) parameterized with Kruskal coordinates
The parameter λ will play a role similar to µ c in Liouville theory. In these variables, the classical action of a string propagating in the cigar background (1.1) is, in the complex plane,
2)
The equations of motion following from this action are the real and imaginary parts of
The exact solution to this equation found in [27, 28, 29] in terms of two free fields φ(z,z) = φ(z)+φ(z) and X(z,z) = X(z) +X(z) reads
where A(z) andĀ(z) are solutions to
As in Liouville theory, this mapping to free fields is canonical [27, 28, 29] . Expanding the fields φ,φ in modes as
we see that ∂A(z),∂Ā(z) have monodromies
∂Ā(e 2πiz ) =∂Ā(z)e
Requiring these monodromies to be preserved by A(z),Ā(z), fixes them uniquely as
where both integrals are taken counter-clockwise. Writing expression (3.4) in Minkowskian cylinder coordinates, we get the same type behavior as in the Liouville case. Assuming p 1 < 0 and the boundary conditions r(σ, t → ±∞) → ∞, the solution behaves, in the far past and future, as
We see thus that the incoming and outgoing fields are free fields. The cigar scatters the incoming free field φ(σ, t) + iX(σ, t) into an outgoing field which has opposite momentum −p 1 > 0. The case with p 1 < 0 is obtained by time reversal.
The reflection coefficient
The work [30] quantized the field u in the Minkowskian cylinder. We will recast here those results in the Euclidean complex plane 1 . The quantum free fields have mode expansions
and
The zero modes of the X(z) andX(z) are independent since X is a compact coordinate, with radius 2π. The modes satisfy the commutation relations
with all other commutators vanishing. The field X is compact with radius √ k, therefore the spectrum of p 2 ,p 2 is
Normal ordering :: is defined as we did in the Liouville case, and the short distance singularities are 23) and similarly forφ(z) andX(z). The stress tensor of the quantum theory is
The main difference between the two cases lies in the normal ordering of the zero modes and in the fact that the momentum operator in the complex plane is not Hermitian in the presence of a background charge (see eq.(3.29) below). For details on the differences between the quantization in the cylinder and the complex plane see [31] .
and there is a similar anti-holomorphic copy. The central charge is
A chiral vertex operator : e 2bjφ(z) : has holomorphic conformal dimension 27) and carries p 1 momentum
For normalizable states with j = − 1 2 + iR, the last expression is consistent with the anomalous hermiticity of p 1 ,
which follows from the presence of the background charge. In order to build the quantum counterpart of the classical field u(z,z) of (3.4), let us define 32) and
The change in the exponents of φ,φ from the classical case is in order for ∂A,∂Ā to be primaries of conformal dimension one. The monodromy-preserving solutions for A andĀ are now
Notice the shift on p 1 in (3.35) when it appears multiplying from the left. The fields Q(z) andQ(z) are primary fields of dimension zero, as in (2.27).
We can now define the quantum version of u(z,z) in (3.4) as
. (3.39)
We have defined the operator j as (see (3.28))
and we have added the factor e bx 1 in order to compensate for the doubling of x 1 in the mode expansion (3.15)-(3.16) of φ andφ. The position of e bx 1 is chosen so that we get the monodromy
as in the classical solution.
The above expression for u involves the product of f and Q at the same point. Notice that the first term of the integrand of Q in (3.37) is a total derivative that can be integrated. Its multiplication by f gives zero since
So for the product Q(z)f (z) we only need to compute
The second term can be integrated by parts and the boundary terms vanish. The final expression is thus
and similarlyf
To compute the reflection coefficient, note that the mapping j → −j − 1 leaves the conformal dimension (3.27) invariant and for normalizable states with j = − 1 2 + iP it amounts to inverting the sign of the momentum P . As in the case of Liouville theory, we introduce an operator an operator S that maps the state with momentum j to the state with momentum −j − 1
and leaves u invariant,
The operator S can be decomposed into
where P acts only on the j momentum of a state and changes its value to −j − 1, and R acts as
with R(j, m, n) being the reflection coefficient we wish to compute. Note that from S 2 = 1 it follows that
For the matrix elements of the operator u(z,z) at z =z = 1, we get, taking proper account of the zero modes in (3.39),
We have defined
Both integrals are taken counterclockwise in the unit circle. Deforming the contour as we did in the Liouville case, we get 
From the eq.(3.47), it follows that the matrix element (3.51) should be equal to
Comparing (3.51) and (3.57) leads to two functional equations for R(j, m, n)
These equations are not enough to fix R(j, m, n), since any solution can be multiplied by a periodic function of j, with period 
The sine-Liouville dual
In light of the FZZ duality, it is natural to expect that the reflection coefficient R(j, m, n) will get fixed through a second set of equations, associated to a scattering problem of sine-Liouville type. On the other hand, we do not expect that such a scattering problem corresponds to solving the equations of motion of the classical sine-Liouville Lagrangian. The reason is that the sine-Liouville interaction carries one unit of winding, and the reflection coefficient, which is equal to the two-point function, conserves the winding number [1] . To arrive to the form of the sine-Liouville scattering that we need, note that we expect the FZZ duality to be related to a b ↔ b −1 transformation. Even though, unlike Liouville, the theory is not self-dual, the exact solution of the closely related H 3 WZW model shows that the two functional equations that determine the three-point functions are related by a b ↔ b −1 transformation [32] . Applying this transformation to f (z) in (3.30), we get
(3.60)
In order to invert the sign of the p 1 momentum carried by g via scattering, it follows from (1.2) that we need two sine-Liouville interactions. This in turn allows to conserve the winding number by adjoining two sine-Liouville interactions with opposite winding. The FZZ dual of u(z,z) that yields the correct reflection coefficient turns out to be − 1)(e 2πi(j+r) − 1) ,
and similarly forB(z). Much as in the Liouville or the cigar cases, the classical form of v(z,z) maps an incoming free field into an outgoing free field when expressed in Minkowskian coordinates in the cylinder. The product of B(z) and g(z) is given by where ν = λΓ 2 (b 2 )/k 2 = (λπ 2 / sin 2 (πk ′ )) b 2 . This result coincides with the reflection coefficient for the cigar obtained with other methods (see e.g. [12] ).
